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The mapping method is used with the aid of the symbolic computation system Mathematica for
constructing exact solutions of the modified Kawahara equation. By this method the modified Kawa-
hara equation is investigated and new exact traveling wave solutions are obtained. The solutions
obtained in this paper include Jacobi elliptic solutions, combined Jacobi elliptic solutions, solitary
wave solutions, periodic wave solutions, trigonometric solutions and rational solutions.
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1. Introduction

In the last decades, direct search for exact solutions
of nonlinear partial differential equations (NLPDES)
has become increasingly attractive partly due to the
availability of computer symbolic software like Math-
ematica or Maple, which allows to perform compli-
cated and tedious algebraic calculations and helps to
find exact solutions of NLPDESs [1-4]. There has been
much activity aiming at finding powerful methods for
obtaining such solutions. We can cite the Backlund
transformation [5], the Darboux transformation [6], the
Jacobi elliptic function method [7], the tanh-function
method [8], the sine-cosine function method [9, 10],
the homogenous balance method [11], and the Jacobi
function expansion method [12,13]. Very recently, a
unified method called the mapping method has been
developed to obtain Jacobi elliptic functions, solitons
and periodic solutions to some NLPDEs [14-16]. A
remarkable observation about the mapping method is
that it allows to find both Jacobi elliptic functions, tri-
angular functions and solitons using the same proce-
dure. Moreover, this method permits the classification
of solutions depending on four parameters.

The motivation of this paper is to use the mapping
method for constructing new traveling wave solutions
to the modified Kawahara equation.

2. Elliptic Equation and its Solutions

The main idea of the mapping method is to take full
advantage of the elliptic equation that Jacobi elliptic

functions satisfy and use its solutions to obtain new
periodic and solitonic solutions of the modified Kawa-
hara equation. The basic idea is as follows. For a given
nonlinear partial differential equation

N(u7ut7uX7uXX7”‘) :07 (1)
we seek its traveling wave solution of the form
U(X,t) = U(C)v C =kx— )Lt (2)

Substituting (2) into (1) yields an ordinary differential
equation of u(&). Then u(&) is expanded into a poly-
nomial in f (&),

ug) - Zoa fl ©

where a; are constants to be determined and n is fixed
by balancing the linear term of the highest order deriva-
tive with the nonlinear term. In the present work, we
shall introduce the following new auxiliary ordinary
differential equation

F(0) = /pf(0) +at Q) +sf8(0) 1. (@)

Here the prime means derivatives with respect to ¢ and
p, 0, S, and r are constants. After (3) with (4) is sub-
stituted into the ordinary differential equation, the co-
efficients a;, k, 4, p, g, s, and r may be determined.
Thus (3) establishes an algebraic mapping relation be-
tween the solution of (1) and that of (4). We shall con-
struct exact solutions for the modified Kawahara equa-
tion by using the solutions of (4) shown in Table 1.
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Case Avrbitrary constants

Solutions of (1) Table 1. Different solutions of

1 p=—(1+n?),g=2n?,s=0,r=1

2 p=2m?—1,q=—-2m?,s=0,r=1—n?
3 p=2-m,q=-2,5=0,r=m—1

4 p=2mf—-1,q=2,8=0,r=—m?(1—n?)
5 p=2-m*—-1,q=2,s=0,r=1—n?
6 p:#,q:%,s:o,r:%

7 p:#,q:%,s:&r:%

8 p:lfgmz,q:%s:Or:%

9 :@,q:#,s:o,r:#

11 :#,q:f%,s:o,r:f“*g‘z)z
12 :#,q:(lf'znz)2 s=0,r=1

13 p:T’Z,q:%,s:O,r:%

14 p=0,9=2,5=0,r=0

f(¢)=sn¢, f({)=cd¢  the elliptic equation (4).

f(§)=cng
f(§)=dng
f(§)=ds{
7(¢) =cs¢
1(0) = g
f(&) =sng +iceng, P = -1,
_ dng

f&)= i/ 1-m2sn{+dng
f(Q) = ——,

meng+iy/1—-m?

_ cng
f(&)= V1-m@sn¢+dng’
f(0)= i
f(§) =msng £idng
f(0) = g
HO) = 2z
f(§) =meng £dng
1(8) = atong
CI']g

)= 1-me+dng
f(§)=C/¢

Table 2. Jacobi elliptic functions degenerate into hyperbolic
functions when the modulus is approaching 1.

Table 3. Jacobi elliptic functions degenerate into trigonomet-
ric functions when the modulus is approaching 0.

sn{ —tanh{ cng —sech  dn{ —sechf sc{ —sinh{
sd{ —sinh & cdf —1 dcf —1 ns¢ — coth§
nd§ —cosh{  cs¢ —cschf  ds§ — cschd nc{ — cosh &

sng —sin{ cng — cos ¢ dn§ —1 sc§ —tan{
sd{ —sing cdg —cos¢ ns¢ — csc g nc —secg
ndf —1 cs§ —cotd ds¢ —cscé dcg —sec

Here C is a constant. The Jacobi elliptic functions
sn(&|m), en(&|m), dn(&|m), where m (0 < m< 1) is the
modulus of the elliptic function, are doubly periodic
and possess properties of triangular functions. In addi-
tion we see that other solutions are obtained from Ta-
ble 1 in case of degeneracy. As we know, when m— 1,
Jacobi elliptic functions degenerate as hyperbolic func-
tions as indicated in Table 2. When m — 0, Jacobi el-
liptic functions degenerate into trigonometric functions
as shown in Table 3.

3. The Modified Kawahara Equation
We consider the modified Kawahara equation
Ut + Uy + UPUx + Ok + BUsoox = 0, (5)

where o and 3 are nonzero real constants. This equa-
tion arises in the theory of shallow water waves [17],
and its exact solutions were obtained by using the
tanh-function method [18] and the sech-function

method [19]. After using the transformation u(xt) =
u(¢), £ =x— At, and integrating once, (5) becomes

(1—l)u+%u3+(xu”+ﬂu(4):0. (6)

The solution of (6) may be chosen as
U(C)z_;)a@fi(l), U]

with arbitrary constants a; (i = 0,1,...n) to be deter-
mined later. Balancing the highest derivative term u(*)
with the highest power nonlinear term u® gives the
leading order n = 2. Substituting (7) into (6) along
with (4) and using Mathematica yields a system of
equations with respect to f'({). Setting the coefficients
of f1(£) in the obtained system of equations to zero,
we get the following set of algebraic equations

a3+ 6ayr (o +4pB) — 3ap(A — 1) — 3¢, =0,
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3a;(1+ad+ pa+ p?B+6arB— 1) =0, Case2
a0ad +afag +ag(1-+4pa+16p?+36arf—2) =0,  _ 15CiBla+20(—1+2m?)B] 900c1mzﬁ2cn2(c)
ay (a3 + 6agay + 300+ 30pgp + 60rsB) = 0, 2 Az Az
3ay (a2 + agay + 3qa + 60pgB + 80rsfB) = 0, A=1- 108 7207(1— P)B — 24(—1+2m?)%B,
3ay (a5 +60°B + S(cr + 26pB)] =0, 1 Iy
8 {5+ 2(4507B + 4s(ar+40pB)]} = O, TV o) (£
60sBa;q=0, Ay = o — 120[6m?(1 — ) 4 2(—1 + 2n?)?] e B2
240sBaxq =0, +800(—1 4 2n?) [18mP (1 — mP) + 4(—1 +2m?)?] B3.
355°Bay =0,
1285%a, = 0. ®  Case3
Solving the above system, we get B 2
1 U 15¢18[e +20(2 —m?)B]  900c:3 an?(0).
Az Az
ag = 15¢1B(a+20pfB) o2
3 —120(2p?—3ar) o32+800p(4p?—9qr) B A=1——=—-242-m?)?B —72(—=1+mP)B,
_ 108
a; =0, 5
o = 500 oo Lt [M
2 ™ o3 _120(2p?—3qr) B2+ 800p(4p2—9qr)B3 1= 15,10 B3’
3_ 2 _ 2 2_ 3)2
= 15\1/E \/_ (23-120(2p 3qr)a%3+800p(4p 9qr)B3) ’ As = o — 120[2::2_ mz)z :]26(2_14_”]2)}&?‘; 3
A=1- & 24p2p + 36 (%) +800(2 — m?)[4(2 — m?)? + 18(—1 4 m?)| 3.
2.
B 3(3c1p* — 2¢1 p?qr) Case4
%0~ TI71p° —294pqr — 204p2q7r2 —40gFr)p°° |, _ 15CuBlar+20(~1+2n)B]  900c8% 5 ),
a3 =0, ) Aq Ay
B 18¢; p°q . . . . 22
a-2 - (171p5—294p4qr—2(134p2q2r2—40q3r3)/33’ A’ - 1 10[} 72rnz(1 mz)ﬁ 24( 1+ 2m ) ﬁ?
— 6__ dar — 20212 _ 3r3)233
Cl:%\/g\/_(ﬂlp 294piqr 2F§)64pqr 40Pr37B3. oo 1 _A_i
22 =2 53p — +52qrp — 24P 15V10Y B
- Tour P Ag = o —120[6mP(1 — m?) +2(—1 + 2nP)?] o B2
o=-5p— =L, (9b)

p
Substituting (9a) into (7) and using the solution of (4),

+800(—1 + 2m?)[18mP(1 — 1mP) + 4(—1 + 2m?)?| B2,

we obtain:
Casel Caseb
_ 15¢1Bla+20(—1—n?)B]  900c;mPB2 _ 15ciBla+20(2—m)B]  900ciB® ,
u= ) A " ), u= 2 A o (),
o o
A=1- 08 +72mPB — 24(—1 —m?)?B, A=1- W+72(l—mz)[3 —24(2—mP)?B,
SRRTIVCTANEN ' v\ B
A = o® —120[—6mP +2(—1 — n?)?|ap? As = o® — 120[—6(1 —m?) +-2(2 — n?)?|aB?

+800(—1 — m?)[—18m?P + 4(—1 — m?)?|B3. +800(2 — m?)[—18(1 — m?) + 4(2 — m?)?| B3,
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Case6
U 15ciBla+20(2—mA)B]  900ciB®  sn’(¢)
B As As  (1£dn({))?’
g B 2 __1 A
h=1-gog+—g 6l 2+n7)%B, S TVAToA [ Eh
3 1

As = —120 - t5(2+ mz)z] % +400(—2+m?) {‘? +(—2+mP)?| B3,

Case7
15¢iBla+10(—2+m?)B]  225¢,mP 32
u= +
A A
o 9B

N 1 A2
108 2 - 15y10\ B¥
am* 1

Ar =02 —120 -5 T2+ mz)z] of? +400(—2 + mP) {—ﬁ +(—24mP)?| B3

(sn +icnd)?

A=1 6(—2+nP)2B, ¢

2 8
Case8

 15¢iB[o+10(1—n?)B] | 225¢1B%  sn?(
v= P A (@xend)?

2B o N T . |
A=1 10B+2 6(1—m?)?B, a= s\ B

A = o’ — 120 {—g + %(1— mz)ﬂ % +400(1 — m?) {—z . mZ)Z] i

Case9
_15ciB[o+10(1+nP)B] | 225ci(—1+mP)B2  dn®g
u= Ag + Ag (L4+msng)?2’
29 25 _ 2 I S
A=1 10ﬁ+2( 1+m?)2B —6(1+n?)2B, 01_15\/E 5
A= —-120 —g(—1+mz)2+%(1—mz)2] % 4 400(1 4 m?) [—g(—1+rnz)2+(l+mz)2 B2
Case 10
_ 15¢Bla+10(1+m)B]  225¢(1—m?)B?  cn?(
U= Ao + Ao (1+£sng)?’
o1 © o)1MD 61+ mR2B, = —t Alg

108 "2 T 15v10\ B
Ao = 03—120 _g(l_nﬁ)(—1+nﬁ)+%(1+nﬁ)2] B2 +400(1+1?) {—g(l—rrﬁ)(—l+rnz)+(l+mz)2 B2,

Case 11
u— BeBlot 10+ m)B]  225018% e ey
A Al
.9 2 — a
R RIEEL T

Ag1 = o — 120 g(—1+mz) + %(1+rnz)2] aB? +400(1 4 n?) [g(—1+mz) +(14m?)?| B3
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Case12
4 15C1Blo+10(1+ m?)B] N 225¢; (1 —mP)2B2  sn?¢
B A A (dng +eng)?’
o> 9 1 A2
A=1-———+-(1-mP)?B—6(1+m)?B, c1=—y|——22,
1
Agp = 02 — 120 —g(l— m?)? + E(1+mz)2} aB? 4 400(1 4 n?) [—g(l— m?)? 4+ (14-m?)?| B3,
Case13
U 15¢1 Bloc + 10(—2 4 m?) ] N 225¢,m? B2 cn?¢
= 5,
s As (V=P dng)
o Im’p 1 A2
A=1———+ B -6(—24+m)?B,c1 = —— [ ——2,
Az = —120 [—? - %(—2+mz)2} a2 +400(—2 + m?) {—? +(—2+nP)?| B3
Case 14 spectively:
1 2 2
u— 5%13 n 90003}[3 (%) , _ 15ciB(o—40B)
o , o - o3 — 2400 B2+ 320083
o 1 o 900c; 32
A=1-"r C=—y[—on. 2 tanh?
10" ' 15vi0\ BB 2 22002 1 320057 2 (©): o
2
In case of degeneracy, and due to the large number of A=1-— % — 248,
solutions in Table 1, it is not advisable to treat every B
case. Therefore we shall only deal with a few cases ot ~ (o® — 240082 4 3200/33)?
as illustrative examples. If m — 1, we can obtain the ' 15010 B3 ’
following soliton solutions from the Cases 1 and 2, re-
~ 15c1B (o +20B)
o3 — 240032 + 3200833
900c; 2 )
- h
o — 220032+ 320055 (&):
2 (1)

(04

ﬁ?)

and 2.

0.5
Fig. 1. A solitary wave solution of (11) is shown at o = 10, If m— 0, we can find the following trigonometric

B=-5. solutions from Cases 4 and 5, respectively:

o — 1 ~ (o® — 240082 4 3200/33)?
' 15010 '

This solution is satisfactory when compared with that
found previously by Sirendaoreji [19], see Figures 1



144 A. Elgarayhi - Exact Traveling Wave Solutions for the Modified Kawahara Equation

0.5
Fig. 2. A solitary wave solution by Sirendaoreji [19].

_ 15c1B(0—20B)
~ 0% — 240087 — 320083

900c; B2
. 24004[5;[3— 320083 esc* (),
o2 (12)
o L \/_ (0 — 240032 — 320083)2
15v/10 B3 ’

_ 15¢1(0+40B)
~ 03— 240087 — 320083

900c; B2
o3 — 240082 — 320083

cot*({),
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4, Conclusion

Exact solutions of the modified Kawahara equation
are studied by the mapping method. In this paper, we
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